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HOMOGENIZATION OF A STOCHASTIC NONLINEAR 
REACTION-DIFFUSION EQUATION WITH A LARGE REACTION TERM: THE 

ALMOST PERIODIC FRAMEWORK 

' 'i \ PAUL ANDRE RAZAFIMANDIMBY, MAMADOU SANGO, AND JEAN LOUIS WOUKENG 

^H ■ 

^— ^ . Abstract. Homogenization of a stochastic nonlinear reaction-diffusion equation with a large non- 

' ^ ' linear term is considered. Under a general Besicovitch almost periodicity assumption on the coef- 

O , ' ficients of the equation we prove that the sequence of solutions of the said problem converges in 

Q^ ^ probability towards the solution of a rather different type of equation, namely, the stochastic non- 

^^ , linear convection-diffusion equation which we explicitly derive in terms of appropriated functionals. 

' We study some particular cases such as the periodic framework, and many others. This is achieved 

*J^ ' under a suitable generalized concept of E-convergence for stochastic processes. 

PLh 

jrt I The homogenization theory is an important branch of the asymptotic analysis. Since the pioneering 

work of Bensoussan et aL [5j it has grown very significantly, giving rise to several sub-branches such 
as the deterministic homogenization theory and the random homogenization theory. Each of these 
sub-branches has been developed and deepened. Regarding the deterministic homogenization theory, 
^^ I from the classical periodic theory [5] to the recent general deterministic ergodic theory 18, 34, 35 , 42] , 

-T^ . many results have been reported and continue to be published. We refer to some of these results 

p^ I [1] [181 EH [33 US] relating to the deterministic homogenization of deterministic partial differential 

^^ . equations in the periodic framework and in the deterministic ergodic framework in general. 

VO ' The random homogenization theory is divided into two major subgroups: the homogenization of 

r~^ . differential operators with random coefficients, and the homogenization of stochastic partial differen- 

f^ ' tial equations. As far as the first subgroup is concerned, so many results are also available so far; we 

refer e.g. to [H [m [H [H [Ml [Ml [Ml 113 [13 US] . 

In contrast with either the deterministic homogenization theory or the homogenization of partial 
differential operators with random coefficients, very few results are available in the setting of the 
homogenization of stochastic partial differential equations (SPDEs). We cite for example [6l [24l 
[25l [47l l48j in which are considered the homogenization problems related to SPDEs with periodic 
C^ ' coefficients (only!). See also [H] in which homogenization of a SPDE with constant coefficients is 

considered. It should be noted that unfortunately so far, no result in this area is available beyond 
the periodic setting. 

Given the interest of SPDEs in modeling of physical phenomena, which are besides not only simple 
random periodically perturbed phenomena, it is important to think of a theory generalizing that of 
the homogenization of SPDEs with periodic coefficients. This is one of the objectives of this work. 
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More precisely, we discuss the homogenization problem for the following nonlinear SPDE 

du, = (div (a (f , ^) Du,) + ^5(1, ^, u,)) dt + M{l,^, u,) dW in Qt 

We = on^Qx (0,r) (1.1) 

u^{x,0) — u^{x) in Q 

in the almost periodic environment, where Qt = Q x (0,r), Q being a Lipschitz domain in R with 
smooth boundary dQ, T is a positive real number and VF is a m-dimensional standard Wiener process 
defined on a given probability space (fi, T, P). The choice of the above problem lies in its application 
in engineering (see for example [H |31 133] in the deterministic setting, and [3H] in the stochastic 
framework, for more details). In fact, as in [5], the unknown u^ may be viewed as the concentration 
of some chemical species diffusing in a porous medium of constant porosity, with diffusivity a{y, r) 
and reacting with background medium through the nonlinear term g(jj,T, u) under the influence of a 
random external source M(jj, r, u). The motivation of this choice is several fold. Firstly, we start from 
a SPDE of reaction-diffusion type, and we end up, after the passage to the limit, with a SPDE of a 
convection-diffusion type; this is because of the large reaction's term -g{x/e,t/e^,Ue) which satisfies 
some kind of centering condition; see Section 4 for details. Secondly, the order of the microscopic 
time scale here is twice that of the microscopic spatial scale. This leads after the passage to the 
limit, to a rather complicated so-called cell problem, which is besides, a deterministic parabolic type 
equation, the random variable behaving in the latter equation just like a parameter. Such a problem 
is difhcult to deal with as, in our situation, it involves a microscopic time derivative derived from 
the semigroup theory, which is not easy to handle. Thirdly, in order to solve the homogenization 
problem under consideration, we introduce a suitable type of convergence which takes into account 
both deterministic and random behavior of the data of the original problem. This method is formally 
justified by the theory of Wiener chaos polynomials [17l|49]. In fact, following [17] (see also |49]). 
any sequence of stochastic processes u^{x,t,uj) S i^(Q x (0,T) x Q) expresses as follows: 

oo 

u"(a;,i,tj)=^u^^(2;,t)$j(a;) 
i=i 

where the functions $j are the generalized Hermite polynomials, known as the Wiener-chaos polyno- 
mials. The above decomposition clearly motivates the definition of the concept of convergence used 
in this work; see Section 3 for further details. Finally, the periodicity assumption on the coefficients is 
here replaced by the almost periodicity assumption. Accordingly, it is the first time that an SPDE is 
homogenized beyond the classical period framework, and our result is thus, new. It is also important 
to note that in the deterministic, i.e. when M = in (jl.ip . the equivalent problem obtained has just 
been solved by Allaire and Piatnitski [2] under the periodicity assumption on the coefficients, but 
with a weight function on the derivative with respect to time. Our result may therefore generalize to 
the almost periodic setting, the one obtained by Allaire and Piatnitski in ^. 

The layout of the paper is as follows. In Section 2 we recall some useful fact about almost 
periodicity that will be used in the next sections. Section 3 deals with the concept of E-convergence 
for stochastic processes. In Section 4, we state the problem to be studied. We proved there a tightness 
result that will be used in the next section. We state and prove homogenization results in Section 
5. In particular we give in that section the explicit form of the homogenization equation. Finally, in 
Section 6, we give some applications of the result obtained in the previous section. 

Unless otherwise specified, vector spaces throughout are assumed to be complex vector spaces, and 
scalar functions are assumed to take complex values. We shall always assume that the numerical space 
M™ (integer m > 1) and its open sets are each equipped with the Lebesgue measure dx = dxi...dxm. 
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2. Spaces of almost periodic functions 



The concept of almost periodic functions is well known in the literature. We present in this section 
some basic facts about it, which will be used throughout the paper. For a general presentation and 
an efficient treatment of this concept, we refer to [12], [10] and [31]. 

Let i3(R^) denote the Banach algebra of bounded continuous complex- valued functions on R^ 
endowed with the sup norm topology. 

A function u S i3(R^) is called a almost periodic function if the set of all its translates {u{- + 
«)}aeR" is precompact in B{R^). The set of all such functions forms a closed subalgebra of S(]R^), 
which we denote by ^P(]R^). From the above definition, it is an easy matter to see that every 
element of AP(M^) is uniformly continuous. It is classically known that the algebra ^P(R^) enjoys 
the following properties: 

(i) u G y4P(M^) whenever u £ AP(M^), where u stands for the complex conjugate of u; 

(ii) u{- + a) G AP(R^) for any u G AP(R^) and each a G R^; 

(iii) For each u G AP(R^) the closed convex hull of {u{- + a)}^^^™ in S(R^) contains a unique 
complex constant M{u) called the mean value of u, and which satisfies the property that the 
sequence {u'^)e>o (where u^{x) — u{x/e), x G R^) weakly ^-converges in P°°(R^) to M{u) 
as e — > 0. M{u) also satisfies the property 

M{u) = lim / u{y)dy. 

As a result of (i)-(iii) above we get that AP(R^) is an algebra with mean value on R^ [26]. The 
spectrum of ylP(R^) (viewed as C*-algebra) is the Bohr compactification of R^, denoted usually in 
the literature by bM.^ , and, in order to simplify the notation, we denote it here by /C. Then, as it is 
classically known, /C is a compact topological Abelian group. We denote its Haar measure by (3 (as 
in [35)- The following result is due to the Gelfand representation theory of C*-algebras. 

Theorem 1. There exists an isometric ^-isomorphism Q of yl.P(R^) onto C{JC) such that every 
element of AP{M.^) is viewed as a restriction to M.^ of a unique element in C(/C). Moreover the 
mean value M defined on AP{M.^) has an integral representation in terms of the Haar measure jS as 
follows: 



M{u) = I g{u)d(3 for all u G AP(R^). 
Jk. 



The isometric *-isomorphism Q of the above theorem is referred to as the Gelfand transformation. 
The image Q{u) of u will very often be denoted by u. 

For m G N (the positive integers) we introduce the space AP'"(R^) = {u G AP(R^) : D^m G 
AP(R^) for every a = (ai, . . . , un) G N^ with \a\ < m}, a Banach space with the norm |||w|||„j ~ 
sup|„|<„supygR« |L'^u|,whereL>^ = g^^i^'°g^^iv ■ We also define the space ^P°° (R^ ) = n™^P'"(R^), 
a Frechet space with respect to the natural topology of projective limit, defined by the increasing 
family of norms ||H||„ {m G N). 

Next, let P^p(R^) {I < p < oo) denote the space of Besicovitch almost periodic functions on R^, 
that is the closure of ^P(R^) with respect to the Besicovitch seminorm 

||u|| = (limsup— - / \u{y)fdy 

\ r-f+oo \-t3r\ J B^ 
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where Br is the open bah of K^ of radius r centered at the origin. It is known that B^p{M.^) is a 
complete seminormed vector space verifying B\p{lS.'^) C B^p(R'^) ior 1 < p < q < oo. From this 
last property one may naturally define the space B^pCR^) as follows: 

B^TpIK"^) = {/ e ni<p<ooi?Sp(K'^) : sup ||/||p<^}. 

l<p<oo 

We endow B^p(M^) with the seminorm [f]^ = sup;^^^^^^ ll/ILi which makes it a complete semi- 
normed space. We recall that the spaces i3^p(M^) {1 < p < oo) are not general Frechet spaces since 
they are not separated. The following properties are worth noticing [35 [ 142 ) : 

(1) The Gelfand transformation Q : AP{M.^) — > C(/C) extends by continuity to a unique con- 
tinuous linear mapping, still denoted by Q, of B^p{M.^) into LP(/C), which in turn induces 
an isometric isomorphism Gi, of B^p(R^)/A/' = ;B^p(R^) onto Lp{JC) (where M = {u E 
B^^piR^) : g{u) = 0}). Moreover if m G B%{R^) L°°(R^) then g{u) G L°°(/C) and 

II5(")IIl~(k;) ^ II^IIl~(r")- 

(2) The mean value M viewed as defined on AP{M.^), extends by continuity to a positive 
continuous linear form (still denoted by M) on B^p{M.^) satisfying M{u) — Jj^Q{u)dl3 
{u e B^p(R^)). Furthermore, M{u{- + a)) = M{u) for each u G B^p(R^) and aU a G R^, 
where u{- -f a){z) — u{z + a) for almost all z G R^. Moreover for u G i?^p(R^) we have 

We refer to [H [11] for the definitions and properties of the vector- valued spaces of almost periodic 
functions, namely, AP(R^;X) and i?^p(R^;X) and the connected spaces C{1C\X) and U'{JC\X), 
where X is a given Banach space. In particular when X = C we get AP(R^) and i3j^p(R^) 
respectively. 

Now let R^^""^ = R^ X Rt- denotes the space R^ x R with generic variables (y, r). It is known that 
AP(M^+i) = 'AP{M.r] APiM.'^)) is the closure in B{R^+^) of the tensor product APiR^) ® AP(R^) 
p^j . In what follows, we set Ay = AP(R^), Ar = ip(M^) and A = AP(M^+^). We denote the 
mean value on A^ {C, = y, r) by M^. 

In the above notations, let 5 G A with My{g) — 0. Then arguing as in [26l P- 246] we see that 
there exists a unique R E A with My{R) — such that 

9 = A,i? (2.1) 

where A^ stands for the Laplacian operator defined on R^: A^^ — Y^^^i d"^ / dyl . Owing to the 
hypoellipticity of the Laplacian on R^ we deduce that the function R is at least of class C^ with 
respect to the variable y. The above fact will be very useful in the last two sections of the work. 

Next following the theory presented in [46, Chap. Bl] (see also [H]), let 1 < p < 00 and consider 
the A^-parameter group of isometrics {P(y) : y E R^} defined by 

T{y) : B^p(R^) ^ B^p(R^), T{y){u + M)=TyU + M for u E P^p(R^) 

where TyU = u{- + y). Since the elements of AP{R^) are uniformly continuous, {T{y) : y G R^} is a 



strongly continuous group in the sense of semigroups: T{y){u + M) -^ u + M in S^p(R^) as \y\ -^ 0. 
In view of the isometric isomorphism Qi we associated to {T{y) : y G R^} the following A^-parameter 
group {T(y) : y G R^} defined by 

T{y) : LP{JC) -^ LP{1C) 

T{y)gi{u + N)=gi{T{y){u + N))^gi{TyU+M) ioYuE P^p(R^). 
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The group {T{y) : y E R^} is also strongly continuous. The infinitesimal generator of T{y) (resp. 
T{y)) along the ith coordinate direction is denoted by Di^ (resp. 9i,p) and is defined by 

D,,pu = limt^o t-'^ {T{te,)u_- u) in e^p(M^) 
(resp. di^pV — limt-j.o^""'^ {T{tei)v — v) in Lp{IC)) 

where: here and henceforth, we have used the same letter u to denote the equivalence class of an 
element u G B^p{R^) in B^p(M.^), Ci = {5ij)i<j<N {hj being the Kronecker 5). The domain of 
Di^p (resp. di^p) in B\p{MJ^) (resp. L'p(JC}) is denoted by Vi^p (resp. Wi,p). By using the general 
theory of semigroups 20, Chap. VIII, Section 1], the following result holds. 

Proposition 1. Vi^p (resp. Wi^p) is a vector subspace o/i3^p(M^) (resp. LP{1C)), Di^p : Vi^p -^ 
B\p{M.^) (resp. di^p : Wt.p — >■ LP{IC)) is a linear operator, Dip (resp. Wi.p) is dense in ;B^p(M^) 
(resp. LP{IC)), and the graph of Di^p (resp. ^^.p) is closed m ^^p(M^) x B^p(R^) (resp. LP{IC) x 
LP{IC)). 

In the sequel we denote by g the canonical mapping of B^p{R^) onto S^p(R^), that is, g{u) = 
u + J\f for u G B^p{M.^). The following properties are immediate. The verification can be found 
either in [H Chap. Bl] or in [IT] . 

Lemma 1. Let I < i < N. (1) If u e AP'^{R'^) then g{u) G A,p and 

D^.,pQ{u) = g (^^) . (2.2) 

(2) If u E 2?j_p then Qi{u) £ Wi^p and Qi{Di^pu) ~ di^pQi{u). 

One can naturally define higher order derivatives by setting Z?" — -D^i, o ■ ■ • o D^" (resp. d" = 
di!p ° • • • ° 3^"p) for a = (ai, ..., un) £ N^ with D^?; = A,p o • • • o A,p, a»-times. Now, let 

Si'^(R^) = r\f^{D,^p = {u e S%(R'^) : D.^pu € B%{R^) yi < t < N} 
and 

!>N\ _ t, ^ 1200 iTaN\ . 7-iQ ., ^ looo imN \ w„ ^ M-^V 



Vap{W^) = {w g B^p{W') -.D^ue B^p{W') Va eW'}. 

'^p(R^), 1 < p < oo. We also have ...a., ^^py 



It can be shown that Vap{M.^) is dense in B^p{R^), 1 < p < oo. We also have that B](^{R^) is 




Banach space under the norm 

\ i/p 

^iiD^.puWl] {ueB'/piR'')); 

i=l I 

this comes from the fact that the graph of Dip is closed. 
The counter-part of the above properties also holds with 

M^i^P(/C) = n,^iWi,p in place of S^'^(M^) 

and 

V(V) = {m e L°°(/C) : a^u e L°°(/C) Va G N^} in that of Pap(M^). 

Moreover the restriction of Q\ to S^p(R^) is an isometric isomorphism of S^p(R^) onto W^'P(1C)\ 
this comes from [Part (2) of] Lemma [TJ 

Let u G T^i^p (p > 1, 1 < « < -/V). Then the inequality 

||i~^(r(tei)u — XL) — Di^pU^ < c \\t~^{T{tei)u — u) — Di^pu\\ 
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for a positive constant c independent of u and t, yields Di^iu — Di^pU, so that Di^p is the restriction 
to S^p(M^) of -Di.i- Therefore, for all u e 2?i,oo we have u e Vi^p [p > 1) and Di^oU = Di^u 
\/l < i < N . We will need the following result in the sequel. 

Lemma 2. We have 2?ap(R^) == giAP°°(R^)). 

Proof. From ^^ we have that, for u G g{AP°°(R^)) and a e N^, D^u = £'(£';j^w) where w e 
AP°°(R^) is such that u = g{v). This leads at once to q{AP°°{R^)) C Vap{R^). Conversely if 
u e Pap(K^), then u e i3;^p(R^) with D^m e 6Xp(M^) for aU a e N^, that is, u = i; + A/" 
with V e BXp(IR^) being such that D^v G ^^^^.(M^) for all a G N^, i.e., v G AP°°(R^) since, 
as V is in L|'^^(R^) with all its distributional derivatives, v is of class C°°. Hence u = v + Af with 
V &AP°"{R^),sothatue g{AP°°{R^)). D 

From now on, we write u either for G{u) if u G B^p{M.'^) or for Qi{u) if u G S^p(R^). The 
following properties are easily verified (see once again either [46l Chap. Bl] or [TT|). 

Proposition 2. The following assertions hold. 

(i) Xc 9S.w<^/3 = for all u G Vap{R^) and a G N^; 
(ii) /^ di^pUdp = /or all u G P^.p and 1 < i < iV; 
(in) Di^p{u(t>) = uDi_oo(t> + 4>Di,pU for all {(t>,u) G Pap(K^) x I)i,p and I <i < N. 

The formula (iii) in the above proposition leads to the equality 

^dr.pudp = - / u^^,ooH|3 V(u, (j)) G I?,.p X Pap(M^). 

This suggests us to define the concept of distributions on I?^p(M^) and of a weak derivative. Before 
we can do that, let us endow r'^p(M^) = g{AP°°{M.^)) with its natural topology defined by the 
family of norms Nn{u) = supu|<„ supyggN \D^u{y)\, integers n > 0. In this topology, P^p(R^) is 
a Frechet space. We denote by X'^p(R^) the topological dual of Pyip(R^). We endow it with the 
strong dual topology. The elements of I?^p(M^) are called the distributions on P^p(IR^). One can 
also define the weak derivative of / G r'^p(M^) as follows: for any a G N^, D'^f stands for the 
distribution defined by the formula 

(D'^f, cj,) = (-1)1"! (/, Z?^0) for aU G Vap(M''). 

Since Vap{R^) is dense in SPp(R^) {1 < p < oo), it is immediate that B%{R^) C V'^p{R^) 
with continuous embedding, so that one may define the weak derivative of any / G B^p{R^ ) , and it 
verifies the following functional equation: 

{D^f, 0) = (-1)1"! / fd^Hl3 for all </. G VAPiR^"). 
Jk 

In particular, for / G "Dip we have 

fd,,pH(3 = / ^d,.pfd/3 V0 G VAPiR""), 
Jk 

so that we may identify D^pf with I?"'/, a^ = {Sij)i<j<N- Conversely, if / G ,B^p(M^) is such that 

there exists /, G B\p{R^) with {D°'^f,<j)) = - j^Mdji for aU cj) G Pap(R^), then / G Vi^p and 

Di.pf = fi- We are therefore justified in saying that S^p(R^) is a Banach space under the norm 

ll'llgi.p jjjjv). The same result holds for W^'P{IC). Moreover it is a fact that Vap{R^) (resp. T>{K.)) is 

a dense subspace of B]i^p{R^) (resp. W^'P{1C)). 
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We end this section with the definition of the space of correctors. For that we need the following 
space: 

Si'^(M^)/C = {ue B]iU^^) ■■ M{u) = 0}. 

We endow it with the seminorm 

/ N \ i/p 

One can check that this is actually a norm on i3^p(R^)/C. With this norm Bj^p{M.^)/C is a normed 
vector space which is unfortunately not complete. We denote by Bj^p(M.^) its completion with 
respect to the above norm and by Jp the canonical embedding of ;B^p(M^)/C into Bj^^p{M.^). The 
following properties are due to the theory of completion of uniform spaces (see |13)): 

(Pi) The gradient operator Dp = {Di,p, ...,Dn.,p) : BYp{R'^)/C -^ (B^p(R^))^ extends by con- 
tinuity to a unique mapping Dp : Bj^^p{M.^) — > {B^p{M.^ ))^ with the properties 

and 

i/p 



^ N \ 



\^h,v=\Y.\\D^^-AU for u e B^^p(R^) 



(P2) The space Jp(6^'P(R^)/C) (and hence Jp(2?^p(R^)/C)) is dense in S^%(R^). 

Moreover the mapping Dp is an isometric embedding of Bjf^p{R.^) onto a closed subspace of 
(S^p(M^))^, so that i34^^p(R^) is a reflexive Banach space. By duality we define the divergence 
operator div^, : (fi^p(R^))^ ^ {B%p{R''))' [p' = p/ip - 1)) by 

(divpm,t>) = - {u,Dpv) for V e S^5^p(R^) and u = (m,) £ (S^'p(R^))^, (2.3) 

where (u, Dpv') = X)i=i /r ^A,pvdf3. The operator divp/ just defined extends the natural divergence 
operator defined in 2?ap(R''^) since Di^pf = Di^p{Jpf) for all / G X'yip(R^). 

Now if in (ESI we take u = Dp,w with ix; G S^'p(]R^) being such that Dp,w G (S^'p(M^))^ then 
this allows us to define the Laplacian operator on B^p(R.^), denoted here by Ap> , as follows: 

{Ap,w,v) = {dWp,{Dp,w),v) = - {Dp,w,Dpv) for all v G i3^%(R^). (2.4) 

If in addition v = Jp{4>) with (p G I?yip(R^)/C then {Ap'W^Jp {(/))) = — {Dp'W,Dp(j>), so that, for 
p = 2, we get 

{A2W, J2(0)) = («;, A2(/)) for aU w G Sip(M") and <^ G Vap{R^)/C. 

The following result is also immediate. 

Proposition 3. For u G AP°°{R^) we have 

ApQ{u) = Q{AyU) 

where Ay stands for the usual Laplacian operator on R^ . 
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We end this subsection with some notations. Let / e B^p{M.^). We know that -D"'/ exists (in 
the sense of distributions) and that -D"'/ — Di^pf if / G A, p. So we can drop the subscript p and 
therefore denote Di^p (resp. di^p) by d/dyi (resp. di). Thus, Dy will stand for the gradient operator 
{d/dyi)i<i<N and div^ for the divergence operator divp. We will also denote the operator Dip by 
d/dyi. Since Jp is an embedding, this allows us to view K^p(R^)/C (and hence 2?yip(K^)/C) as a 
dense subspace of Bff^p{M.^). Dip will therefore be seen as the restriction of Di^p to i3^p(R^)/C. 
Thus we will henceforth omit Jp in the notation if it is understood from the context and there is no 
risk of confusion. This will lead to the notation Dp = Dy = {d/dyi)i<i<N and dp = d = {di)i<i<N- 
Finally, we will denote the Laplacian operator on S^p(M^) by Aj,. 

3. The E-convergence method for stochastic processes 

In this section we define an appropriate notion of the concept of S-convergence adapted to our 
situation. It is to be noted that it is built according to the original notion introduced by Nguetseng 
[341 . Here we adapt it to systems involving random behavior. In all that follows Q is an open subset of 
R^ (integer iV > 1), T is a positive real number and Qt — Q ^ (O?^^)- Let (51,7^, P) be a probability 
space. The expectation on (57, J^, P) will throughout be denoted by E. Let us first recall the definition 
of the Banach space of all bounded 7^-measurable functions. Denoting by F{il) the Banach space of 
all bounded functions / : il — !> M (with the sup norm), we define B{fl) as the closure in F(J7) of the 
vector space H{fl) consisting of all finite linear combinations of the characteristic functions Ix of sets 
X G J^. Since J^ is an cr-algebra, B{n) is the Banach space of all bounded 7^-measurable functions. 
Likewise we define the space B{il; Z) of all bounded (J^, i?2)-measurable functions f : fl ^- Z, where 
Z is a Banach space endowed with the cr-algebra of Borelians Bz- It is a fact that the tensor product 
B{n) (g) Z is a dense subspace of B{n; Z). 

This being so, let Ay = AP(R^) and Ar = AP(R^). We know that A = AP(R'^+^) is the closure 
in B{RyJ:^) of the tensor product Ay (g) Ar. We denote by ICy (resp. /C,-, K.) the spectrum of Ay 
(resp. At, A). The same letter Q will denote the Gelfand transformation on Ay, A^ and A, as well. 
Points in ICy (resp. K-t) are denoted by s (resp. sq). The Haar measure on the compact group ICy 
(resp. ICr) is denoted by Py (resp. /3^). We have IC = ICy x ICr (Cartesian product) and the Haar 
measure on IC is precisely the product measure /3 = /3 (g) /3^; the last equality follows in an obvious 
way by the density of Ay (^ Ar in A and by the Fubini's theorem. Points in ft are as usual denoted 
by w. 

Unless otherwise stated, random variables will always be considered on the probability space 
(51,7^, P). Finally, the letter E will throughout denote exclusively an ordinary sequence (£n)ngN with 
< En < 1 and e„ — i- as 71 — > oo. In what follow, we use the same notation as in the preceding 
section. 

Definition 1. A sequence {ue)e>o of L^((5T)-valued random variables (1 < p < cxd) is said to weakly 

Yi-converge in LP{Qt x ^) to some LP{Qt; B^p{M.y:^^))-va\ued random variable uq if as e — >■ 0, we 

have 

/QTxo"^(^'*'^)/(^'*'f'F'^)^2;dtdP ^ 

~^ JjQ^xnxK:^oix,t,s,so,LL>)f{x,t,s,so,uj)dxdtdFdl3 

for every / G B(fi; Lp' {Qt; A)) {1/p' = 1 - l/p), where uo ^ Qi o uq and f = Qi o {g o f) = g o f. 
We express this by writing u^ — >■ uo in LP{Qt x Q)-'weak S. 

Remark 1. The above weak S-convergence in LP{Qt x fl) implies the weak convergence in U'{Qt x 
ri). One can also see from the density of B{Vt) in L^ (fi) (in the case 1 < p < oo) that p.ip obviously 
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holds for f E LP {fl: L^ {Qt\ A)). One can show as in the usual framework of S-convergence method 
[34] that each / e LP{Vt\ LP{Qt', A)) weakly E-converges to go f (that we can identified here with its 
representative /). 



As said in the introduction, in the case p — 2, our convergence method is formally motivated by the 

oc 



following fact: using the chaos decomposition oi Ug and / we get Us{x,t,ui) = '^'^iUej{x,t)^j{u! 



and f{x,t,y,T,uj) = J2T=i fkix,t,y,T)^k{i^) where Uej € L'^{Qt) and fk £ L'^{Qt]A), so that 



Ue{x,t,uj)f ( x,t, — , —,uj ) dxdtdP 
QtxQ V £ £ 



can be formally written as 



V / $,(w)$fc(w)dP / u,^,{x,t)fk [x,t,-,-^] dxdt, 
~J./n JQt V £ £ / 

and by the usual E-convergence method (see [42j[34]), as e — )► 0, 

Ue,j{x,t)fk a;,i, -, — ) dxdt -^ / / uoj{x,t,s,so)fk {x,t,s,so) dxdtd(3. 

Hence, by setting 

OO C30 

uo{x,t,s,so,uj) ^^uoj{x,t,s,so)^j{uj); f {x,t,s,so,uj) = ^ /fc (a;,i, s, sq) $/c(w) 

we get (|3.ip . This is of course what formally motivated our definition. 
The following result holds. 

Theorem 2. Let 1 < p < oo. Let (ue)eg_E be a sequence of LP{Qt) -valued random variables verifying 
the following boundedness condition: 

supE||Me||^p(Q^) < oo. 

Then there exists a subsequence E' from E such that the sequence {u^)^^e' is weakly Y,-convergent in 
LP{Qt X n). 

Proof Applying [35l Theorem 3.1] with Y = LP {Qt x Q x IC) and X = B{Q.]Lp' {Qt^CQC))) = 
Q{B(yi\ LP {Qt] A))) we are led at once to the result. D 

The next result is of capital interest in the homogenization process. 

Theorem 3. Let \ <p < cxd. Let {ue)eeE be a sequence ofLP{0,T; Wq'^{Q)) -valued random variables 
which satisfies the following estimate: 

supE||u,r^^^^^^^^,„^^^^<oo. 

Then there exist a subsequence E' of E, an LP{0,T;WQ'^{Q))-valued random variable uq and an 
LP{Qt', B^p{Rr; B4f^p{M.y)))-valued random variable ui such that, as E' 3 e —>■ 0, 

u^ -> Uq in LP{Qt X Q)-weak; 

du^ ^ duo ^ duj_ ^^ ^p^^^ ^ f])-weaA: S, 1 < z < iV. (3.2) 

oxi oxi oyi 
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Proof. The proof of the above theorem foUows exactly the same hnes of reasoning as the one of [HJ 
Theorem 3.6]. D 

The above theorem will not be used in its present form. In practice, the following modified version 
will be used. 

Theorem 4. Assume the hypotheses of Theorem^ are satisfied. Assume further that p > 2 and that 
there exist a subsequence E' from E and a random variable uq with values in L^(0, T; Wg '''(Q)) such 
that, as E' 3 e ^ Q, 

Ug -^ Uq in L^{Qt) ^-almost surely. (3-3) 

Then there exist a subsequence of E' not relabeled and a random variable Ui with values in U'{Qt', 
B^p(R^;S^^p(]R^))) such that ^^ holds as E' 3e^0. 

Proof. Since sup^^^, E HDu^H^pjQ sjv < cxd, there exist a subsequence of E' not relabeled and v = 
(wOj G LP{Qt X n;B%{R^+^))^ such that ffj- ^ v^ in LP{Qt x 0)-weak S. Let '^eix,t,Lu) = 
ip{x,t)'i{x/e)xit/e^)(t>{u}) ((x,i,a;) G Qt_>^ fl) with ip e C^{Qt). X e v4P°°(M^), e B{Vt) and 
* = {^j)i<3<N e (AP-(R^))^ with div^[e^(vl')] = where pf (*) :== (e^(V,))i<j<A', Qy being 
denoting the canonical mapping of i?^p(IR^) into i3^p(M^). Clearly 

^ f 8 ^ f 8 

V/ -^ipip)x''t}dxdtdF=-y^ Ue^''^j^x'(t>dxdtdF 

where ipUx) — tpJx/e) and x^(t) = xit/^'^)- One can easily see that assumption p.3p implies the 
weak E-convergence of {u^)^^^' towards uq, so that, passing to the limit in the above equation when 
E' 3 e ^ yields 

V // VjipijjxHxdtdPdjS = -S^ Uoi)j-^x(t)dxdtdFdfi 



or equivalently. 



J J Or 



(v - Duo) ■ ■9tpx<j)dxdtdFdl3 = 0, 
/QtxOxk; 

and so, as ip, (j) and x are arbitrarily fixed. 



(v(x, t, s, So, w) - Duq{x, t,uj)) ■ ^{s)dl3y 

Ky 



for all ^ as above and for a.e. a;,t, soj<^- Therefore, the existence of a function ui{x^t,-,T,uj) e 
S^Pp(R^) such that 

v(a;, t, •,T,a;) — Duo{x,t,uj) = DyUi{x,t, -^t^u)) 
for a.e. x, t, r, w is ensured by a well-known classical result. This yields the existence of a random 
variable wi : (x,i, T,a;) H> wi(a:,i, •,T,aj) with values in S^^p(]R^) such that v — Duq + DyUi. D 

We will also deal with the product of sequences. For that reason, we give one further 

Definition 2. A sequence (we)e>o of i''((5T)-valued random variables (1 < p < oo) is said to strongly 
"E-converge in LP{Qt x il) to some LP{QT;B^p{RyJ:^))-va.\ned random variable uq if it is weakly 
E-convergent towards uq and further satisfies the following condition: 

ll^elliPCQrxa) ~^ II'"o|Ilp(QtxOxK;) ■ (3-4) 
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We denote this by u^ — > uq in LP{Qt x ri)-strong E. 

Remark 2. (1) By the above definition, the uniqueness of the hmit of such a sequence is ensured. 
(2) By [34] it is immediate that for any u G LP{Qt x ^; AP(R^+^)), the sequence (u^)e>o is strongly 
S-convergent to g{u). 

The next result will be very useful in the last section of this paper. Its proof is copied on the one 
of UH Theorem 6] ; see also ^0] . 

Theorem 5. Let I < p,q < oo and r > 1 be such that 1/r = l/p+ 1/q < 1. Assume {u^)i^^e C 
L'^iQx X ^) is weakly Y.-convergent in L'^{Qt x Q) to some uq G L'^{Qt x n.;B\p{RyJr^)), and 
(we)egE C LP{QtX^) IS strongly Y.- convergent in L^ {Qt xVl) to some Vq £ LP{Qt xfl;B^p{RyJ:^)). 
Then the sequence {ui;V^)^^e is weakly "E-convergent in L^[Qt x f2) to uqVq. 

The following result will be of great interest in practice. It is a mere consequence of the preceding 
theorem. 

Corollary 1. Let {us)eeE C LP{Qt x ft) and {ve)eeE C L^' {Qt x f7) n L°°(Qt x 9) (\ < p < oo 
and p' = pI {p — 1) j he two sequences such that: 
(i) We -^ Uq in LP{Qt X 9)-weak E; 

(ii) Ve — )■ Vo in L^ {Qt x fl)-strong S; 

(iii) {ve)e<£E is bounded in L°°{Qt x Q). 
Then u^v^ -^ uqVq in LP{Qt x Q)-weak E. 

Proof. By Theorem O the sequence {ueVe)E£E E-converges towards uqVo in L^{Qt x fl). Besides 
the same sequence is bounded in Lp{Qt x fl) so that by the Theorem [2l it weakly E-converges in 
Lp{Qt X r2) towards some wq G LP{Qt x f7;S^p(E^+^)). This gives as a result wq — uqVq. D 

4. Statement of the problem: A priori estimates and tightness property 

4.1. Statement of the problem. Let Q be a Lipschitz domain of M^ and T a positive real number. 
By Qt we denote the cylinder Q x (0, T). On a given probability space {il, T, P) is defined a prescribed 
m-dimensional standard Wiener process W. We equip {fl, T , P) with the natural filtration of W . We 
consider the following stochastic partial differential equations 

du, = (div (a (f , ^) Du,) + \g (f , ^, u,)) dt + M (f , ^, u,) dW in Qt 
u,^OondQx{0,T) (4.1) 

u,ix,0) = u°{x) eL^iQ). 

We assume that the coefficients of (j4.1[) are constrained as follows: 

Al Uniform ellipticity. The matrix a{y,T) = {a,j{y,T))i<,j<N G (L°°(R^+i))^^^ is real, 
not necessarily symmetric, positive definite, i.e, there exists A > such that 

||ay|lioc(RiY+i) < A-i, 1 < i,j < N, 

Ef,=i «..(y,T)C,C, > A|CP for all {y,T) G R^+i,C G M^. 

A2 Lipschitz continuity. There exists C > such that for any (y,T) G M^"'"^ and u G R 

\dug(y,T,u)\ < C 

\dug(y,T,ui) -dug(y,T,u2)\ < C\ui -M2I (1 + |wi| + |w2|)~^- 

A3 g{y,T,Q)^0 for any (y, r) G M.^+\ 
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A4 Almost periodicity. We assume that g{-, ■, u) £ AP{Ry^^) for any m e M with My{g{-, r, u)) 
for ah {t,u) g R^. We see by (|2.ip (see Section 2) that there exists a unique R{-, -ju) G 
AF(R^+i) such that AyR{-,-,u) = g(-,-,u) and My{R{-,T,u)) = for all r, u G M. More- 
over i?(-, •, u) is at least twice differentiable with respect to y. Let G{y, r, m) — DyR{y, r, u). 
Thanks to A2 and A3 we see that 

\G{y,T,u)\<C\u\, \duG{y,T,u)\<C, (4.2) 

\duG{y,T,ui) -duG{y,T,u2)\ < C|ui -U2I (1 + |mi| + |u2|)"^ (4.3) 

We also assume that the functions a^j lie in _B^p(R^+^) for all 1 < j,j < A^. 
A5 Let M{u) = {Mi{y , t , u))i<i<m and we assume that there exists K > such that 

\Mi{y,T,ui) - Mj(y,T, W2)| < K \ui - 1*2! i = l,...,m 
for any (y, t) G M^+-'^ and ui,U2 G M. We easily see from these equations that 



^\M,{y,T,u)\^ <K{l + \uf) for any u G K, (y, r) G M^+^ 

z=l 

Moreover we assume that the function (y,T) 1-^ Mi{y,T,u) lies in B\p{R^+^) n L°°(M^+^). 

In order to simplify our presentation, we need to make some notations that will be used in the 
sequel. We denote by L'^{Q) and H^{Q) the usual Lebesgue space and Sobolev space, respectively. 
By {u,v) we denote the inner product in L^{Q). Its associated norm is denoted by |-|. The space of 
elements oi H^{Q) whose trace vanishes on dQ is denoted by Hq{Q). Thanks to Poincare's inequality 
we can endow Hq{Q) with the inner product ((u,w)) = JqDu ■ Dvdx whose associated norm ||u|| 
is equivalent to the usual iJ^-norm for any u G Hq{Q). The duality pairing between Hq{Q) and 
H-^{Q) is denoted by (•,•). 

Let X be a Banach space, by U'{Q, T; X) we mean the space of measurable functions (j) : [0,T] ^ X 
such that 

^esssuptg[o,T] ll'^(*)llx < 00 if p = 00. 
Similarly we can define the space LP{^;X) where (fl, J^, P) is a probability space. 

From the work of [30] for example (see also [38]), the existence and uniqueness of solution u^ of 
(|4.ip which is subjected to conditions A1-A5 are very well-known. 

Theorem 6 ( 30 ). For any fixed e > 0, there exists an T* -progressively measurable process u^ G 
L^(n X [Q,T]\Hl(Q)) such that 

{ue{t),v) = [u'^.v)- j (a{^,^^Du,{T),Dv^dT+- g{^,^,u,{T))vdT 

+ j\M(^^,^,u,{T)),v)dW (4.4) 

for any v G Hq{Q) and for almost all {uj,t) G 51 x [0,r]. Such a process is unique in the following 
sense: 

P(w:Me(i) =Ue(i) mH-\Q) Vt G [0,r]) = 1 
for any u^ and Ti^ satisfying 
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4.2. A priori estimates and tightness property of Wg. We begin this section by obtaining crucial 
uniform a priori energy estimates for the process u^. 

Lemma 3. Under assumptions A1-A5 the following estimates hold true for 1 < p < oo: 

E sup \u,{t)f < C, (4.5) 

0<t<T 



T 



p/2 



El / \\u,{t)fdt\ <C (4.6) 

where C is a positive constant which does not depend on e. 

Proof Thanks to [30] or [38] u^ G C{(),T-L'^{Q)) almost surely and Ue £ L'^{n x [0,T]-Hl{Q)), then 
we may apply Ito's formula to |uj(t)p and we get 

" = -''^"(- ^)Due{t),Du,(t))dt+-{g(-^^^.^ 



d\ue{t)Y = -2[a[-,— \Due{t),Due{t)\dt+-[g[-,—,u,{t)],u,{t)]dt 



+ Y.\Ml{uS))?dt + 2(M'{uS)),nS))dW (4.7) 

where we set M^{u^){x,t,ijj) — M{x/e,t/e'^,u^{x,t,uj)). Thanks to condition Al we have 

9 / ™ 

d\u,{t)\^ + 2A\\u,{t)fdt < -{g{-,-,uS)).uS))dt + Y,\Ml{uS))?dt 

k=l 

+2{M' (ueit)) , Ue{t))dW. (4.8) 

To deal with the first term of the right hand side of (|4.8p . we use the following representation 

which can be checked by straightforward computation. From this we see that 

^fgf^,l,u,{t)\,u,{t)] = (G(^,^,uA,Du,{t)] - (duGC^,^,u,{t)\ ■ Du,{t),u,{t) 

from which we infer that 

^ (^g (^^,l,w,(i)j ,u,(t)) <C\uS)\ \\u,{t)\\+CW{t)\ \\uS)\\ • (4.10) 

Here we have used the assumptions A2-A4. Thanks to A5 the second term of the right hand side 
of (14.81) can be estimated as 



Y,\Ml{ue{t)f <C{l + \uSt). (4.11) 

Using (|4.10p and (|4.11l) in (I4.8P and integrating over < r < i both sides of the resulting inequality 
yields 

\uSt + 2K[\\u,{T)fdT < lu^f + C [ \u,{T)\\\u,{T)\\dT + CiT) (4.12) 

Jq Jo 

+ C f \Ue{T)\^dT + 2 f {M'{UeiT)),UeiT))dW. 

Jo Jo 
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By Cauchy's inequality we have 

\Ue{t)f +2a[ \\Ue{T)fdT < \u°\^+C{5) f \u,{T)fdT + S f \\u,{T)\\^dT + C{T) 

Jo Jo Jo 

+ C f \u,iT)\^dT + 2 f {M'iu,iT)),U,iT))dW, 

Jo Jo 

where 6 is an arbitrary positive constant. We choose 6 = A so that we see from (|4.13p that 

lueWI^+A/ lke(T)fdr < \u"\^ + C{T) + C \ue{T)\^ dr 



2 / {M'{u,{T)),U,{T))dW. 



(4.13) 

In (j4.13p we take the sup over < r < i and the mathematical expectation. This procedure implies 
that 

E sup \Ue{T)\^ + AE ||Ue(T)fdT < |m°P + C(T) + CE / \Ue{T)\^dT 



0<T<t 



-2E sup 

0<s<t 



iM'iu,iT)),u,{T))dW 



By Burkholder-Davis-Gundy's inequality we have that 



2E sup 

0<s<t 



iM'{u,{T)),U,{T))dW 



t \ 1/2 

2, 



< 6E / {M^{u,{T)),Ue{T)YdT 



< 6E ( sup |ue(s)| ( / |M^ 

\0<s<t V^O 



(Me(T))| dr 



1/2N 



By Cauchy's inequality, 



2E sup 

0<s<t 



{M'iUeiT)),U,iT))dW 



1 /-I 

< -E sup \ue{s)\^ + 18E |iir(ue(T))|^dr. 

2 o<s<t Jo 



By using condition A5 we see from this last inequality that 



2E sup 

0<s<t 



iM'iu,{T)),u,iT))dW 



1 ft 

< -E sup \u,{s)\^ + C{T) + CE \u,{T)\^dT. 

2 o<s<t Jo 



From this and (|4.14p we derive that 



E sup \u,{T)f + AE ||ue(T)f dT<C(|u°|^T) + CE / \ue{T)f dr. 
0<T<t Jo Jo 

Now it follows from Gronwall's inequality that 

E sup \u,{t)\'^ < C, 

0<t<T 

where C > is independent of e. Thanks to this last estimate we derive from (|4.14l) that 



E f \\u,{T)\\^dT<C. 
Jo 



(4.14) 
(4.15) 

(4.16) 
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As above C > does not depend on e. Now let p > 2. Thanks to Ito's formula we derive from (|4.7I) 
that 



d\uS)\P = -p(a(^,^jDue(t),Du,{tyj\ue{t)\''^dt 

e e e^ 



k=l 

Thanks to Al, (IT^ . (|iT^ and (|ilT]) we have that 

d\uS)\''+P^uS)r^\\ue{t)fdt < pc\u,it)r'\\u,{t)\\dt 

+p\u,{t)\P-^ iM'{uS)).uAt))dW. (4.17) 

Thanks to A5 we get form easy calculations that 

K{t)r*{M^uAt)),u,{t)r <C{p)\u,{t)\r (4.18) 

Using (j4?T8l) in (|4T7l) yields 

d\u,{t)\P+pA \u,it)r^ \\u,it)f dt < pC Kit)f-' \\u,it)\\ dt + C{p) |u,(t)|P dt 

+p\uS)r^ {M'{ue{t)),uS))dW, (4.19) 

which is equivalent to 

\u,{t)f+pK /V.Wr'||«e(r)f dr < p f \u,{T)f-^ {M^u,{t)) ,uAT))dW 
Jo Jo 



JO 

+C(p) fw{r)r'\\u,{T)\\dr. (4.20) 

Jo 

Due to Cauchy's inequality the second term of the right hand side of (|4.20l) can be estimated as 

follows 

C{p) f \u,{T)f-'\\u,{T)\\dT <C{p,6) f \u,{t)\p dT + 6 f \u,iT)r' \\u,iT)f dr, 
Jo Jo Jo 

where (5 > is arbitrary. Choosing S — pA/2 in the last inequality and using the resulting estimate 
in (|4.20p implies that 

\u,{t)f + {pA/2) f K{T)r' \K{T)f dr < \u''f + C{p,A) f K{r)f dr 
Jo Jo 

+p f \Ue{T)r^ {M' {Ueir)) ,Ue{T))dW. 
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Taking the supremum over < t < t and the mathematical expectation to both sides of this last 
inequality yields 



Esupo<,<, \uAT)f + (pA/2)E/o* \uAr)r' \\Mr)fdT 



< 



uX + C{p,A)^Io\MT)fdT+pEsupo<s<t J, \u,{T)r' {M^iu,iT)),u,iT))dW 



(4.21) 



■dr 



1/2 



Thanks to Burkholder-Davis-Gundy's inequality we have that 

pEsupo<,<, |/; K{T)r' {M^{u,{T)),U,{T))dW 

< 3pE (/„* Kirt^'-* {M- {u,{t)) ,u,{T)rdTy 

< 3pE (supo<.<, Kir)f' /o* K{r)r' \M^ {u,{r))f 

Thanks to Cauchy's inequality and the assumption A5 we get that 

pEsupo<,<, |/; \uAr)r' {MHue{T),u,{T))dw\ 

< 3pdEsupo<r<t |us(T)r + C(p,^,r) + C(p,<5,T)E/J \u,iT)\^ dr, 

where <5 > is arbitrary. Using (|4.22p in ()4.2ip yields 



(4.22) 



:supo<,<, |^,(^)r + (PA/2)E/; \u,{r)r' ||u,( 



■dT 



<C{p,A,S,T)Ej;\u,{T)fdT+\u°\'' + C{S,T,p) + 3p5Esnp„^,^t\ue{T)f. 
It follows from this and by taking S = l/6p that 

E sup \u,iT)f + pAE [ \u,iT)r^ \\u,{T)f dr < \uX + CiS,T,p) 
0<T<t Jo 

+C{p,A,5,T)E [ \u,{T)fdT. 
Jo 



Gronwall's Lemma implies that 



E sup \u,{T)f < C, 

0<T<T 



(4.23) 



where C > is independent of e. From (|4.13p we see that 



'\\u,{T)fdT < C{\u^\\t,A) + C{A) Tlu^irfdr 
Jo 

+C{A) f (M'{u,{T)),u,{T))dW. 



Raising both sides of this inequality to the power p/2 and taking the mathematical expectation imply 
that 



E 



f \\Ue{T)\\A dT < C{A,p)e(J {M'{Ue{T)),U,{T))dW 



p/2 



+c(kT,r,A,p). 
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Here we have used (|4.23p to deal with the term C(A,p, r)EsupQ<f<y |we(t)|^. It fohows from mar- 
tingale inequality and some straightforward computations that 



E 



p/2 



\Ue{t)\\ dt 



<C. 



The estimates (|4.15p . (|4.16p . (I4.23|) and (|4.24p complete the proof of the lemma. 



Lemma 4. There exists a constant C > such that 

E sup / \u^{t + e)-Ue{t)\]j^i,n) 
\e\<SJa 



dt < CS, 



for any e, and 5 G (0, 1). Here Ue{t) is extended to zero outside the interval [0,T]. 
Proof. Let 6* > 0. We have that 

/■*+* / fX T\ \ 1 f*"'"® fX T \ 

u,{t + 9) - Ue{t) = / div i^ai^-,—jDue{T)jdT+- gi^-,—,u,j 



.e e 
ft+e 
+ / M'{u,{T))dW, 



2,u^} dr 



as an equality of random variables taking values in H ^(Q). It follows from this that 



\u,{t + d)~U,{t)\jj^, 



(Q) 



< ce 



-CO 






dr 



dr 



H-HQ) 



+ 



t+9 



M''{u,{T))dW 



Firstly, 



^^("(7'j2)^"^W 



div 



= sup 

Il0!l=i 



sup 

0effo(Q) 

11011=1 



div ( a ( - , ^r I DUf 

e e^ 



a\ — , — ) Du^Dipdx 



from which we derive that 



div ( a ( -, ^- ) Duf 

e e^ 



where the assumption Al was used. Secondly, 

1 /XT 



<ciA)\\u,r 



H-HQ) 



1 (XT 



— sup 

11011=1 



e e^ 



G ( -,— ,u£ I ■ D(t)dx+ / I duG I -, -ir,Us ] ■ Due ) (t)dx 



e e" 



(4.24) 

D 



(4.25) 



(4.26) 
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By using the conditions in A4 and Poincare's inequality we get that 

1 /XT 



i (XT 



< sup (C\u,\+C\\u,\\\(i>\)<C\u,\ + C\\u,\\ (4.27) 

H-i(Q) 4>^Hl{Q),U\\=\ 



Using (j4:26l) and ^^HH) in (j4:25|) yields 

\u,(t + e)-U,{t)\\_,.Q.<CQ \ \\u,iT)fdT + Ce \u,iT)fdT + 



t+e 



M^{u^{T))dW 



which implies that 

i-T 



T i-t+S 



E 



/ Sn^ \Ue{t + e)-Ue{t)\\-^,Q.dt < C6E / \\Ue{ 

Jo o<e<<5 Jo Jt 



' dTdt 



+E / sup 
/o o<e<<5 



t+0 



M^u^{T))dW 



dt 



-C5E 



T ft+e 



Jt 



|Me(r)| drdi. 



Thanks to Lemma [3] we have that 



pT pT pt+e 

;/ sup \u^{t + e)-Ue{t)\\-t,n)dt<C5 + 'E I sup / M' 
Jo o<e<<5 Jo o<e<5 Jt 



(Ue(T))dM^ 



dt. 



Due to Fubini's theorem and Burkholder-Davis-Gundy's inequality we see from this last estimate 
that 

T pT ft+S 



E/ sup \Ue{t + e)-U,{t)\%^^,Q.dt<CS + E I I \Ar {u^{T))f dTdt. 



/o o<e<s 
Assumptions A5 and Lemma [3] yields that 



sup \Ue{t + 6) - Ue{t)\fj-i(r,.dt <CS, 
O<0<<5 

where C > does not depend on e and 5. By the same argument, we can show that a similar 
inequality holds for negative values of 9. This completes the proof of the lemma. D 



The following compactness result plays a crucial role in the proof of the tightness of the probability 
measures generated by the sequence {ue)s- 

Lemma 5. Let /^„, ;/„ two sequences of positive real numbers which tend to zero as n ^ oo, the 
injection of 



sup„ — sup|e|<^ 



(/o'l'?(^ + ^)-9WlL-HQ))'^'<^} 



in L^{Qt) is compact. 
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The proof, which is similar to the analogous result in [7j , follows from the application of Lemmas 
[3l m The space D,j^ _^ is a Banach space with the norm 

Iklli3„ ^ = esssup|g(t)|+ / \\qf dt\ 
"'^" o<t<T \Ja j 

+ sup— sup / W ^ Q) - q{t)fn-HQ) 

Alongside D^^^^ , we also consider the space Xp^^^^^ , 1 < P < oo, of random variables ^ endowed 
with the norm 

i-T ^ 

|2 



1/2 



IE||Clk_„„ = Eess sup |C(t)r + E / ||C(i) 

0<t<T yjo 

+Esup— sup ( / \at + e)-c{t)\]j 

n l^n \e\<n„ \Jo 



Xp^u„,ti^ is a Banach space. 

Combining Lemma [3] and the estimates in Lemma |4] we have 

Proposition 4. For any real number p G [l,C)o) and for any sequences Vm^-n converging to such 
that the series ^^^ -^^— ^ converges, the sequence (ue)e is hounded uniformly in e in Xp.^^^.^i^^ jor all n. 

Next we consider the space 6 = C(0,T;R™) x L'^{Qt) equipped with the Borel tr-algebra B{&). 
For < e < 1, let $e be the measurable ©-valued mapping defined on (fi, J^, P) by 

$,H = (w^H,u,H). 

For each e we introduce a probability measure n*^ on (©; B{6)) defined by 

ff (5) = P($7i(5)), for any S £ B(6). 
Theorem 7. The family of probability measures {W : < e < 1} is tight in (&;B{&)). 
Proof. For S > we should find compact subsets 

J:s C C{0,T;R"');Ys C L^iQr), 
such that 

¥{uj:W{;uj)<^J:s)<^^, (4.28) 

¥{uj:u,{;lo)^Ys)<^-, (4.29) 

for all e. 

The quest for E^ is made by taking into account some facts about Wiener process such as the 
formula 

E \W{t) - Wis)f' = (2j - l)!(i - sy,j = 1, 2, .... (4.30) 

For a constant Lg > Q depending on S to be fixed later and n G N, we consider the set 

Y.s^{W{-)eC{0,T;R'^): sup n\W{s) -W{t)\ < Ls}. 

t,se[o,T] 
l*-s|<rer 
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The set S5 is relatively compact in C(0, T; R™) by Ascoli-Arzela's theorem. Furthermore S^ is closed 
in C(0,T;R™), therefore it is compact in C(0,r;R'"). Making use of Markov's inequality 

P(c^;CM>/3)<^E[|CMl1, 

for any random variable C and real numbers k we get 

¥{lu:W{uj) ills) < 



U„<(w: sup \W{s)-W{t)\> — 
t,se[o,T] n 



00 n°-l / s 4 

n 



>M, 



<EE^P^ sup \Wit)-W{^Tn-X, 

where we have used (14.301) . Since the right hand side of (|4.30p is independent of e, then so is the 

constant C in the above estimate. We take Lj — ^^ (X^i^i w) ^^^ S^^ (|4.28|) . 

Next we choose Ys as a ball of radius Mg in D„^_f^^ centered at and with t^„, /x„ independent of 

(5, converging to and such that the series ^^ -^^-^ converges, from Lemma [5l Y^ is a compact subset 

of LP'{Qt)- Furthermore, we have 

< ^(E|l-e||.„ 

where C > is independent of e (see Proposition U for the justification.) 

Choosing Ms = 2C5"\ we get (14.291) . From the inequalities (|4.28p - (|4.29p we deduce that 

P (a; : W{uj) G E5; Mel^^) £ ^5) > 1 - (5, 

for all < £ < 1. This proves that for all < £ < 1 

from which we deduce the tightness of {11'^ : < £ < 1} in (6, B{&)). D 

Prokhorov's compactness result enables us to extract from (11^) a subsequence (n"^^) such that 

n^^ weakly converges to a probability measure 11 on (3. 

Skorokhod's theorem ensures the existence of a complete probability space (f2,^, P) and random 
variables (VF^^, Mg.) and {W ,uq) defined on (fj,^, P) with values in © such that 

The probability law of {W' , u^^ ) is W^ , (4.31) 

The probability law of {W , uq) is H, (4.32) 
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W^^ ^W in C(0, T; R") P-a.s., (4.33) 

Ue^ -^ Mo in L^{Qt) F-a.s.. (4.34) 

We can see that {W^^ : £j} is a sequence of m-dimensional standard Brownian Motions. We let J^ be 
the cr-algebra generated by {W [s) , uo{s)) , < s < t and the null sets of J". We can show by arguing 
as in [7] that W is an .F*-adapted standard R^-valued Wiener process. By the same argument as in 
[8] we can show that 



Ue, (t) = w" + / div ( a ( -, -2 ) Du,^ (r) ) dr + - / 5 ( -, -2 , We, ) dr (4.35) 







'J 



/o 
holds (as an equation in H^^{Q)) for almost all {uj,t) G f2 x [0,T]. 

5. HOMOGENIZATION RESULTS 

We assume in this section that all vector spaces are real vector spaces, and all functions are 
real-valued. We keep using the same notation as in the previous sections. 

5.1. Preliminary results. Let 1 < p < oo. It is a fact that the topological dual of ;B^p(Rr;y84tAp(Il^^)) 
is B^p{M.t; [i3jj^p{M.y)]'); this can be easily seen from the fact that Bj:^p{M.y) is reflexive (see Sec- 
tion 2) and B\p{Rr', Bjl'^p{Ry j) is isometrically isomorphic to L'P{]Cr]Bjj^p{U.y)). We denote by 
(,) (resp. [,]) the duality pairing between fi^^p(]R^) (resp. S^p(R^; S^^p(Mf ))) and [fi^^p(M^)]' 
(resp. B^^p{^r] [B]jfAp(^y )]'))■ For the above reason, we have, for u £ S^'p(Mr; [^#ap(K^)]') and 
v€B%{Rr;B'/^p{R^)), 

[u,v]= {u{sQ),v{so))dl3^{sQ). 

For a function tp £ Pap(IR.^)/C we know that tp expresses as follows: ip — gy{4'i) with 4'i G 
AP°°(M^)/C where Qy denotes the canonical mapping of B^p(M^) onto S^p(]R^); see Section 2. 
We will refer to V'l as the representative of -0 in AP°°{M.y)/C Likewise we define the representative 
of V e 'DApOS.r) <» [DAp{Ry)/C] as an element of AP°°(R^) (g) [^P°°(R^)/C] satisfying a similar 
property. 

With all this in mind, we have the following 

Lemma 6. Let ip G B{n) ®C^{Qt) ® (I'ap(Kt) ® [I'ap(R^)/C]) and ip^ be its representative in 
B{n)(»Cg°{QT)<»[AP°°{Rr)'^{AP°°{R^)/C)]. Let{ue)e&E, E' and{uo,ui) be either as m Theorem 



[3] or as in Theorem |3J Then, as E' 3 e ^>- Q 



—Uf.'ipldxdtdF -^ / [ui{x,t,uj),tlj{x,t,uj)]dxdtdF. 



Proof. We recall that for ip-^ as above, we have 



V'i(a;,i, cj) ~ -01 ( 2;,i, -, ^, w ) for {x,t,u;) G Qt x fl. 



e e^ 
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This being so, since iJi{x,t,-,T,uj) £ AF°°(R^)/C = {u e AP°°{R'^) : My{u) = 0}, there exists a 
unique G B{n)®e^{QT) ® [AP°°(M^) ® (AP°°(R^)/C)] such that Vi = Aj^(/). We therefore have 

/ -u.^pldxdtdP = / -u,{Ay(j)fdxdtd¥ 

Due ■ {Dy(j)YdxdtdF 

Ueidiv^{Dy<p)YdxdtdF. 

Passing to the hniit in the above equation as £^' 9 e — !■ we are led to 

-u^ipldxdtdP -^ - // {Duo + dui) ■ d4>dxdtdFdl3 

'txO £ J JQTxnxIC 

uq divrc{d(p)dxdtdFd(3 
QtxOxa; 

awi • d^dxdtdTdp 
QtxOxa; 

since //„ ^nxK; ^o div:c(9(/>)da;dt(iP(i/3 = — //„ xSxk -^"o ' d(j)dxdt(Wd(i. But 

9mi ■ d^dxdtdfdp 
QtxOxk; 

dxdtdF. 

QtxO 



- / 5ui(x,i, s, so,w) • d(l){x,t,s,SQ,uj)dl3y d^^ 



Recalhng the definition of the Laplacian A^ in Section 2, we deduce from p.4p and Proposition [3] 
that 

dui{x, t, s, So, u) ■ d(p{x, t, s, So, uj)df3 



^Ayey{(j){x, t, •, So, w)), ui{x, t, ■, So, uj) 
^Qyi^yH^^ t^ •, So, ^)), ui{x, t, ■, So, ujyj 
^Qy{Ay(l)){x, t, ■, so,uj)),ui {x, t, ■, So, uj) 
= (i'{x, t, ■, So, uj)),ui{x, t, ■, So, w)^ 



where from the first of the above series of equahties, the hat 7 stands for the Gelfand transform 
with respect to AP{M.t) and so, does not act on Aj^ and p,„. The lemma therefore follows from the 
equalities 



dui{x,t,s,so,uj) ■d(t){x,t,s,so,u:)dl3y dfi^ 



■0(x, t, ■, so,uj)),ui{x, t, •, So, w) ) d^^(so) 
[i(;{x,t,-,-,uj)),ui{x,t,-,-,u)] 
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D 

For u G B^p{M.r) we denote by d/dr the temporal derivative defined exactly as its spatial coun- 
terpart d/dyi. We also put do — Giid/dr). d/dr and do enjoy the same properties as d/dyi (see 
Section 2). In particular, they are skew adjoint. Now, let us view d/dr as an unbounded operator 
defined from V = fi^p(R^; S^^p(R^)) into V = B^^^piRrl [B^%(M^)]')- Proceeding as in |21j pp. 
1243-1244], it gives rise to an unbounded operator still denoted by d/dr with the following properties: 

(P)i The domain of d/dr is W = {w G V : dv/dr e V'}; 

(P)2 d/dr is skew adjoint, that is, for all u,w e W, 



dv 




du 


u. — 


— , 


. V 


dr 




dr 



(P)3 The space E = Pap(K^) ® [Pap(K^)/C] is dense in W. 

The above operator will be useful in the homogenization process. This being so, the preceding 
lemma has a crucial corollary. 

Corollary 2. Let the hypotheses he those of Lemma |6l Assum,e moreover that ui G W. Then, as 

dui 



QT>^n 



d'ilf 
eu^-^dxdtdF ^ - 
dt 



QT>^n 



dT 



ix,t,uj),ip{x,t,uj) 



dxdtdl 



Proof. We have 



Qrxn 



eu^-p-dxdtdV 
dt 



Qt-x^ 



u, I -p- 1 dxdtdF 



1 



Qt-x^ 



u, ( -^ 1 dxdtdl 



aVi 



Since ^ is a representative of some function in B{n) (g) C^iQr) ® (2?Ap(Kr) ® pAplRy )/C]), we 
infer from Lemma [S] that, as £" 3 e ^ 0, 



QtxO 



eue- „ " dxdtdl 
dt 



^■ 



QtX^ 



ui{x, t, ■,so,uj),doi>{x, t, •, So, 1^)) ) dl3^{so) 



dxdtdl 



But 



IC-r 



(ui{x, t, •, So, w), do^{x, t, ■, So, ^)) ) dp^iso) 



9-0 



ui(a;,i, •,-,cj),--(a;,i, ^^w)) 



dui 

—-[x,t,-,-,uj),^(x,t,-,-,uj)) 
dr 



the last equality coming from the fact that d/dr is skew adjoint. 
We will also need the following 



D 



Lemma 7. Let 



pN 



X K^ X 



be a function verifying the following conditions: 
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(i) \dugiy,T,u)\ <C 

(ii) g(.,.,«)eAP(R^+i). 

Let (u^)^ be a sequence in L^{Qt x Ct) such that u^ —^ uq in L'^{Qt x Cl) as e — )■ where Uq G 
L^{Qt X ^)- Then, setting g'^{u^){x,t,uj) — g(x/e,t/e'^ ,Us{x,t,u!)) we have, as e — ?> 0, 

g^{ue) -^ g{-, ■, Wo) in L (Qt x d)-weak E. 

Proof. Assumption (i) implies the Lipschitz condition 

\9{y,T,u)- g{y,T,v)\<C\u-v\ for all y, t, u, w. (5.1) 

Next, observe that from (ii) and (|5.1I) . the function {x,t,y,T,uj) i— > g{y,T,uo{x,t,uj)) lies in L^{Qt x 
f^; AP(R^+i)), so that by Remark [TJ we have g^{uo) -^ g{-,-,uo) in L'^{Qt x 0)-weak S as £ ^ 0. 
Now, let / e B{Cl; L^{Qt; AP{R^+^))): then 

g''{ue)fdxdtdP- // g{-,-,uo)fdxdtdFdl3 

{g^Ue)-g^uo))fdxdtd¥+ f g" (uq) f dxdtdP 
g{-,-,uo)fdxdtdf'dl3. 

Qt'X-O.'X.K 

Using the inequality 

< C \\Ue - "o|Il2(q^xO) Wf^W L-^(Qt-xO.) 

in conjunction with the above convergence results leads at once to the result. D 



{g^(ue) - g^{uo))fdxdto 



Remark 3. From the Lipschitz property of the function g above we may get more information on the 
limit of the sequence g^{ue). Indeed, since \g'^{ue) — 3'^(uo)| f^ C* |ue — uoli we deduce the following 
convergence result: 

g'^iue) — J> giuo) in L^{Qt x Cl) as e ^ 

where g{uo){x,t,u!) — /^^(s, so,uo{x,t,uj))dl3, so that we can derive the existence of a subsequence 
of g^{u^) that converges a.e. in Qt x fj to g{uo). 

We will need the following spaces: 

¥l = L^{nx (0,T);ffi(Q)) x L''{Qt x n;W) 
and 

where W = {w £ V : dv/dr e V'} with V = 6ip(Mr; S^^p(Mf )), and £ ^ 2?Ap(Kr)® [Dap(M^)/C]. 
Fq is a Hilbert space under the norm 

II("0,"i)|Ifi = ll"o|lL2(j-2x(0,T);ffi(Q)) + II'"iIIl2(q^xO;W) ' 

Moreover, since B(fl) is dense in L'^{fl), it is an easy matter to check that Jq" is dense in Fq. 
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5.2. Global homogenized problem. Let {u^ . ) be the sequence determined in Section 4 and satisfy- 
ing Eq. (|4.35p . It therefore satisfies the a priori estimates (|4.5l) - (|4.6p . so that, by the diagonal process, 
one can find a subsequence of (we )j not relabeled, which weakly converges in L^(rJ; L^{0, T; Hq{Q))) 
to uq determined by the Skorokhod's theorem and satisfying (|4.34|) . From Theorem IH we infer the 
existence of a function ui G L^{^; L'^{QT',B'j^p{RT',BjJ^p{Wy)))) such that the convergence results 

«£. -^ Uq in L (Qt) almost surely (5.2) 

and _ 

due, duo dui . ^21 



-J> 



in L\Qt X n)-weak E (1 < i < iV) 



(5.3) 



dxi dxi dyi 
hold when £j — s- 0. The following result holds. 

Proposition 5. The couple {uq,Ui) G FJ determined above solves the following variational problem 



- iQrxn^o^od^dtdP + Jq^^^ [^, ^ij dxdtdF 

= " //qtxOxk;^(^"o + dui) ■ {Di^Q + d^^)dxdtdPdl3 

+ IlQTxnxK9i^'^o,uo)'4'idxdtdPd(3 - JJq^^^^j^G{s,sq,uo) ■ Di/jgdxdtdPdfi 

^ IlqTxnxK (^"^(*' *o, Uq) ■ (Duq + dui)j ipQdxdtdFdp 

+ nQ^^nxK^^(''^''o,UQ)^QdWdxdFdl3 for all (V'cV'i) e -^o°°- 



(5.4) 



Proof. In what follows, we omit the index j momentarily from the sequence Ej. So we will merely 
write £ instead of s^. With this in mind, we set 



^s{x,t,uj) — ipQ{x,t,uj) + eip ( x,t 



X t 



e £"■ 



uj , {x,t,uj) e Qt X il 



where (V'ojV'i) G -^0° with ip being a representative of V'l- Using $£ as a test function in the 
variational formulation of (j4.35p we get 

Ue^dxdtdP = I a^Due-D^edxdtdP (5.5) 



QtxQ. 



1 

+ - 

£ 



g^{u^)^^dxdtdr 
M^Ue)^edxdW'dP 

IQtxQ. 

where here and henceforth, we use the notation a'^ = a{x/e, i/£^), tp^ = ip{x, i, x/e, t/e^,uj), M^{u^) = 
M{x/e,t/£^,Ue) and g^{ue) = g{x/e,t/e^ ,u^). We will consider the terms in ()5.5p respectively. 
We have 



g^{u^)^edxdtdl 



'xn 



g^{u^)%j}QdxdtdP 



g%u^)tp^dxdtdP 



Qrxn 



= 1} 



Lemma [7| and convergence result (I5.2p imply 

J jQTxnxK 



g{s, sq, UQ)il)-^^dxdtdFdp 
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since ^i — Qi o ijj-^ — Qi o {g{ip)) = Q o ip — ip. For /^, we know from assumption A4 that 



-9 ( ->^>'"£ ) = diva; 



£ e"- 



G( J,^,u, 



- duG ( -,— ,Ue ) • DUe, 



in such a way that 



G%u^)-D^jQdxdtdF- 

ixf2 JQtX-^ 



duG ( -, — ,Mf 



Du, 



^PodxdtdP. 



Once again, owing to assumption A4 (see the inequahties (|4.2p and 
Lemma [71 convergence resuhs (j5.2p and (j5.3p that 



therein) we deduce from 



Next, we have 



r 

QrxSlx/C 



Mg— - — dxdtdF — 
,xn o^ 



G{s, So, Wo) • D'iJjQdxdtdFdl3 
duG{s, So, uo) • (-Duo + dui) TpQdxdtdVdf5 



'XSl 



u^-P-dxdtdV- 
dt 



eur 



QtxO 



9t 



dxdtdF 



which, from Corollary [5] leads to 
5$ 



Qrxn 



9i 



dxdtdl 



Qt-x^ 



Qt^^ 



uq—- — dxdtdl 
at 



— (a:,i,a;),'(/'i(a;,i,w) 



dxdtdF. 



It is an easy exercise to see, using Corollary [T] that 



a^Du, ■ D^^dxdtdF -^ a{Duo + dui) ■ (D^o + d%l)-i)dxdtdFdfi. 

Next, owing to Remark [3l assumption A5 and the convergence result (14.33^ we get 



M^u^)^^dxdW''dP^ // M{s,so,uo)ijQdxdWdFdl3. 

Hence letting e — ;► in (15.5^ we end up with (|5.4I) . thereby completing the proof. 

The problem (I5.4p is called the global homogenized problem for (j4.ll) . 
5.3. Homogenized problem. The problem (|5.4p is equivalent to the following system: 

- /q.xo [It' ^i] dxdtdf ~ JjQ^^n.K^iDuo + du,) ■ di,,dxdtdPdl3 
+ //QrxaxK;5(f:'So,'"o)^ida;didPd/3 = 
for ah Vi e B{n) ® C^iQr) (8) £, 

- /„ ^^ UQipQdxdtdF — — JJ„ xOxk; ""(^^o + dui) ■ Dil)QdxdtdFd(i 

- IlQTxnxK ^(«' «0' "o) • D^odxdtdFd^ 
^ IlQTxnxK: (<9«G(s, so,-uo) • (Umo + ^wi) J ^p^^^dxdtdFdp 
+ JjQ^^^^^M{s,SQ,uo)i^odWdxdFdl3 for aU ^o G 5(17) (8)C^(Qt). 



and 



D 



(5.6) 



(5.7) 
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The following uniqueness result is highlighted. 

Proposition 6. The solution of the variational problem (|5.6|) is unique. 

Proof. Taking in (fO]) ^pi{x,t,y,T,u}) = (t){uj)ip{x,t)w{y,T) with G B(fj), ip G C^{Qt) and w e £, 
we obtain after mere computations 



(5.8) 



— ^i^{x,t,uj),w — fi^a{Duo{x,t,uj) + dui{x,t,uj)) ■ dwdfH 
+ L- 'g{uo{x, t, uj))wd/3 — for all w £ £. 

So, fixing (x, t, uj), if mi = ui(x, t, oj) and U2 = U2{x, t, u) are two solutions to (J5.8I) . then u — ui — U2 
is solution to 

du 



97'" 



= — / a9u • dwdp for all w £ £. (5-9) 

By the density of £ in W, (|5.9p still holds for w E W. So taking there w = u and using the fact that 
d/dr is skew adjoint (which yields \du/dT, u\ = 0) we get 



adu ■ dudp = 0. 



But, since 



adu ■ dud(3 > A [|m||^ 



we are led to u = 0. Whence the uniqueness of the solution of ([5 



, D 

Let us now deal with some auxiliary equations connected to (j5.6p . 

Let X G (W)^ and wi = wi{-,-,r) (for fixed r e M) be determined by the following variational 
problems: 

"dx 



ar' 



adx-dipdp- / a • a0d^ V(/. e W; 



dr '■ 



= — /^ adwi ■ d(j)df3 — Jj^ G{-, •, r) • dcpdfS 
for all e W. 
Equations (jS.lOp and (|5.11l) are respectively equivalent to the following equations: 



(5.10) 
(5.11) 



and 



1^ - dWyiaDyx) = divya in W, x e {Wf, 



-p- - dv^y{aDyWi) = gi-, ■,r) in W', wi G W. 



The existence of x and wi(-, •, r) is ensured by a classical result |32j since d/dr is a maximal monotone 
operator [21] (see also (35] or [37]) and further the uniqueness of x and wi(-, •,r) follows the same 
way of reasoning as in the proof of Proposition [6] 

Now, taking r = uo{x,t,u!) in (I5.1ip . it is easy to verify that the function 

{x,t,y,T,uj) ^xiy,^) ■ Duo{x,t,uj) + wi{y,T,uo{x,t,u)) 

solves Eq. (j5.6p . so that, by the uniqueness of its solution, we are led to 

ui{x,t,y,T,uj) = x{y,T) ■ Duo{x,t,uj) + wi{y,T,UQ{x,t,uj)). (5.12) 
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For fixed r G M, and set as in [2] 

F^ir) = 
With this in mind, we have following 



adwi{s,so,r)d(3; F2{r) = / dug{s,so,r)xdp 
K Jk 

dug{s,so,r)wi{s,so,r)dl3; M{r) ^ / M{s,so,r)dfi. 
K JK 



Lemma 8. The solution uq to the variational problem (|5.7p solves the following boundary value 
problem: 



duo = (div (bDuo) + div Fi{uo) - F2{uq) ■ Duq ~ ^3(^0)) dt + M{uo)dW in Qt 
uo = ondQ X (0, T) 
uo{x,0) — u^{x) inQ. 



(5.13) 



Proof. We replace in Eq. (|5.7p ui by the expression (|5.12p : we therefore get 

^ IqTxn UQip'odxdtdF = - Hq^y^ny^K '^'^^' ^o, "0) • Dt(;gdxdtdFd0 
^ IlQTxnxic^'yFluQ + dx ■ Duq + dwi{s, so,uq)) ■ Dili^dxdtdFdP 

^IlQTxnxic {duG{s,so,uo) ■ (DuQ + dx- Duq + dwi{s,so,uo)U i^^dxdtdFdfi 
. +//Q^xnxK;^^(*'''o,ito)V'oC^W^'^a:^c?P'^/3 for ah Vo e S(f^) «)C^(Qt). 
In particular, for f/^Q = </> (g) (^ with e B{Ct) and ip G C'^{Qt), we obtain 

— J„ UQip'dxdt = — JL, ^^a{[I + 9x] ■ Duq) ■ Dipdxdtdj3 

— JJn y,iQa{dwi{s,so,UQ) ■ Difidxdtd/S — JJ„ ^i^G{s,so,uq) ■ Dipdxdtd/S 
^ IIqtxic {9uGis,SQ,uo) ■ (Duq + dx ■ Duq + dwi{s, so,uo))j (fdxdtd(3 
+ JJq^^ic ^'^(■*' ^0, uo)LpdWdxdp for all ip £ C^{Qt), 

where / stands for the unit N x N matrix, and divj^ G{y, r, u) — g(y, r, u) as in Section 4. Let 



(5.14) 



a{I + dx)d(i 



be the homogenized tensor. Since we have 



and 



G(s, S07 Wo) • Dipdxdtd(3 = / / {duG{s, sq, uq) ■ Duo)(pdxdtdl3, 



{duG{s, So, Mo) • d'wi{s, so,uo))^dxdtdl3 

QtxK 

dugis, So, uo)wi{s, So, uo)(pdxdtdp 



{duG{s, So, uo) ■ (dx ■ Duo))'pdxdtdj3 

QtxK 

dug{s,so,uo){x ■ Duo)<pdxdtd(i , 

'txK 
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Eq. (|5.14p becomes 

/„ UQip'dxdt — ~ Jq (bDuo) ■ Dipdxdt 
IIo xk:^^^i(*' *0j Wo) • Dipdxdtd/S 
IlQ^xK^^9is,so,Uo){x- DuQ + wi{s,So,uo))ipdxdtd(3 
JjQ^^^M{s,so,uo)'fidWdxdl3 for all (p £ C^{Qt), 

which is the variational form of (|5.13p . D 

As in [2], it can be checked straightforwardly that the functions Fi {1 < i < 3) are Lipschitz 
continuous functions. As in [5] again, we can show that F2{u) is uniformly bounded, that is, there 
exists Cf2 such that |-F'2(m)| < C^a for any u G R. Likewise, following the same way of reasoning, it 
can also be proved that the function M is Lipschitz continuous. 

Proposition 7. Let u^ and Uq be two solutions of (J5.13I) on the same probabilistic system (J7,^, P), 
W, -F* with the same initial condition u". We have that Uq ~ u* almost surely. 

Proof. Let w{t) — uo{t) — u*{t). From Ito's formula it is easily seen that w satisfies: 

d\w{t)\^ ^ -2{bDw{t), Dw{t))dt + 2\{Fi{uo{t)) -^ Fi{u* (t)) , Dw) 
- {F2{uo{t)).Duo{t) - F2{u*{t)).Du*{t),w{t)) 

dt 

2 'J 

+ 2{M{uo{t)) - M{u*{t)),w{t))dW. 
Let a{t) a differentiable function on [0,r]. Thanks again to Ito's formula we have that 

d{a{t)\w{t)\^) = (j'{t)\w{t)\^dt + a{t)d\w{t)\^. 
By using the lipschitzity of Fi, F^, M and some elementary inequalities we see that 

d{cr{t)\w{t)\^) < (a'{t)\w{t)\^ + a{t) - 2{bDw(t), Dw{t)) + S\Dw{t)\^ + Cs\w{t)\^ ) dt 
+ (\F2iuoit)).Duoit)\ + \F2iu*){t)).Du*{t)\^ ait)\wit)\dt 
+ C(7{t)\wit)\^dt + 2a{t){M{uQ{t)) - M{u*{t)),w(t))dW , 
where (5 > is arbitrary. Integrating over [0,t] and taking the mathematical expectation yields 

E(cr(t)|u;(t)|2) < -2E / c7{s){bDw{s),Dw{s))ds + CE f cr(s)|w(s)prfs 
Jo Jo 

+ eJ (\F2{uo).Duo\ + \F2{u*).Du*\^ a{s)\w{s)\ds 

+ SE f a{s)\Dw{s)\^ds + E f cr'{s)\w{s)\^ds. 
Jo Jo 



{F^iuoitj) - F3{u*{t)),w{t)) + ^\M{uo{t)) - M{u*m' 
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Choosing (5 > so that E J„ a{s)[{bDw,Dw) — S\Dw\'^]ds > 0, we mfer from the last estimate that 
E{a{t)\w{t)\^) <CE f a{s)\w{s)\^ds + E f (\Duo\ + \Du*\] CF,cr{s)\w{s)\ds 



^0 

t 



(5.16) 
E / cr'(s)|w(s)pds, 



'Q 

where we have used the fact that F2 is uniformly bounded. By choosing 

/ rt (\Duo{s)\ + \Du*{s)\) Cf, 

a(t) = exp - / -—— ds 

\ Jo \w{s)\ 

we deduce from (j5.16p that 

E{a{t)\w{t)f) <CE [ a{s)\w{s)fds, 
Jo 

from which we derive by using Gronwall's lemma that \uo(t) — WQ(t)| — almost surely for any 
t G [0, T]. This completes the proof of the pathwise uniqueness. D 

Remark 4. The pathwise uniqueness result in Proposition [7] and Yamada-Watanabe's Theorem 
(see, for instance, [30]) implies the existence of a unique strong probabilistic solution of (|5.13p on a 
prescribed probabilistic system (J7, T ^ P), J^*, W . 

The aim of the rest of this section is to prove the following homogenization result. 

Theorem 8. Assume A1-A5 hold. For each e > let u^ he the unique solution of (|l.ip on a given 
stochastic system (i7, J^, P), 7^*, W^ defined as in Section 4. Then the whole sequence Ug converges 
in probability to uq as e ^- 0, in the topology of L^{Qt) (i-e \\u^ — Mo||i2(Q^-) converges to zero in 
probability) where uq is the unique strong probabilistic solution of (|5.13l) . 

The main ingredients for the proof of this theorem are the pathwise uniqueness for ()5.13p and the 
following criteria for convergence in probability whose proof can be found in [23] . 

Lemma 9. Let X be a Polish space. A sequence of a X-valued random variables {a;„; n > 0} converges 
in probability if and only if for every subsequence of joint probability laws, {vuk ,mk 5 ^ ^ 0}; there exists 
a further subsequence which converges weakly to a probability measure v such that 

v{{{x,y) eXxX;x==y}) = l. 

Let us set 6^' = L^iQr), ©^ = C(0,T : M™), 6^''^' = L^{Qt) x L^{Qt), and finally 6 = 
L^iQr) X L^{Qt) X &^ . For any S G S(6^') we set W{S) = P(u, G S) and n'^ = ¥{W G S) for 
any S G B{&^). Next we define the joint probability laws : 

The following tightness property holds. 

Lemma 10. The collection {v^'^ ;£,£' G -E} (and hence any subsequence {v^^'^i : ej,£' G E'}) is 
tight on &. 
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Proof. The proof is very similar to Theorem [T] For any 6 > we choose the sets S^, Ys exactly as in 
the proof of Theorem [7] with appropriate modification on the constants Ms, Ls so that W{Ys) > 1 — | 
and n'^(E5) > 1 — | for every e & E. Now let us take Ks = Y^ x 1^ x S^ which is a compact in 6; it 
is not difficult to see that {v^'^ (Ks) > (1 ^ |)^(1 — |) > 1 — <5 for all e,e'. This completes the proof 
of the lemma. D 

Proof of Theorem\^ Lemma 1101 implies that there exists a subsequence from {i/'^^'^j} still denoted 
by {z/^^'^j} which converges to a probability measure v. By Skorokhod's theorem there exists a 
probability space (H, T , IP) on which a sequence {ue , u^r , W'-> ) is defined and converges almost surely 

in &^ '^ X 6^ to a couple of random variables {uq, vq, W). Furthermore, we have 

Law{uQ, Vq, W) = V. 

Now let ZJ= = {ue^,W^), Zy = (u^',,W^), Z"" = {uq,W) and Z^" = (yQ,W). We can infer from 
the above argument that ( II^J ''^j J converges to a measure 11 such that 

n(-) = P(K,i;o)e-)- 

As above we can show that Z"' and Z"^' satisfy (j4.35|l and that Z" and Z" satisfy ()5.13p on the 
same stochastic system (^,T ,f'),T^ ,W , where f^ is the filtration generated by the couple (mq, vq, W). 
Since we have the uniqueness result above, then we see that iP — v^ almost surely and Uq = vq in 
1?{Qt)- Therefore 



n({(x,y) 



e6^'^^';a;==y}) = P (uo = ^^o in ^^(Qt)) 



This fact together with Lemma [9] imply that the original sequence (ug) defined on the original 
probability space (O, J-", P), J-"*, W converges in probability to an element uq in the topology of 6^ . 
By a passage to the limit's argument as in the previous subsection it is not difficult to show that uq 
is the unique solution of (|5.13|) (on the original probability system (^.T ,9),J-^ ,W\ This ends the 
proof of Theorem m D 

6. Some applications 

In this subsection we provide some applications of the results obtained in the previous sections to 
some special cases. 

6.1. Example 1. The first application is related to the periodicity hypothesis stated as follows: 

A6 g{-, ■, u) £ Cpcr(i^ X Z) for all m G R with Jy g{y, r, u)dy = for all t,u eW; aij,Mi{-, ■, u) G 
L^c,(Y X Z) for all I <i,j < N; Mi{-, ■,u) G L^^,{Y x Z) for each 1 < i < m and for all 
ueM, 

where Y = (0, 1)^ and Z = (0, 1) and, Cpe^iY x Z) and Lj^i.(F x Z) denote the usual spaces 
of y X Z-periodic functions. 

As the periodic functions are part of almost periodic functions, all the results of the previous 
sections apply to this case. We have the following result. 
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Theorem 9. Assume hypotheses A1-A5 are satisfied with the almost periodicity therein being re- 
placed by the periodicity hypothesis A6. For each e > let u^ be uniquely determined by (jl.ip . Then 
as e ^ 0, 

We -^ uq in L (Q X (0,r)) almost surely 
and 

du^^d^^dui ^^ ^2 ^ ^ f^)-u;eaA: S {I < j < N) 

oxj axj oyj 

where (wo,mi) G L^{Cl x {0,T) ; Hq{Q)) x L^(Qx x Cl;W) is the unique solution to the variational 
problem 

- iQ^.n^oi^odxdtdP + J^^^^ [^>i] dxdtdF 
= ^ IJQTxnxYxz "'(^'^'^ + DyUi) -^{Di/jf^ + Dy-^^)dxdtdVdydT 
+ IlQ^rxnxYxz aiy^^^^oHidxdtdPdydj 

- IlQ^xUxYxz^iy^'^^^o) - ^'^odxdtdPdydr 
~//QTxnxyxz(^«^(2/''^''"o) • {Duo + DyUi))tpQdxdtdPdydT 
+ IlQ^xnxYxz ^(y^'^^'^o)^odWdxdFdydT for all (V-cV-i) e T^ 

where W = {w G Ll^^.{Z:W^'^(Y)) : dv/dr e Ll^,{Z; [W^^{Y)]')} with W^/{Y) = {w £ Wl'^iY) : 
^yu{y)dy^Q}, and F^ = [B{n)®C^{QT)] x [B{Cl)®C^{Qt)®£ with £ = C^^^Z) ® C^ {Y) and 
C^{Y) = {ue C^^^Y) : Syu{y)dy = 0}. 

Proof. Theorem|9]is a consequence of the following facts: (1) in the periodic setting, the mean value of 
a function u e L^^^{Y) = {u € L\^^{M..y) : u is F-periodic} is merely expressed as M{u) = Jy u{y)dy 
(the same definition for the other spaces); (2) the Besicovitch space corresponding to the periodic 
functions is exactly the space LP{Y); (3) the derivative d/dyi (resp. d/dr) is therefore exactly the 
usual one in the distribution sense d/dyi (resp. d/dr). D 

Remark 5. The above result extends to the case of stochastic partial differential equations the result 
obtained by Allaire and Piatnitski [2 in the periodic deterministic setting. 

6.2. Example 2. Our purpose in the present example is to study the homogenization problem for 
(jl.ip under the following assumptions, where the indices 1 < i,j < N and 1 < I < m are arbitrarily 
fixed: 

(HYP)i aij{-,T) G Blp{R^) a.e. in r e M. 

(HYP)2 The function t h> aij{-, r) from M to B\p{M.y) is piecewise constant in the sense that there 
exists a mapping qij : Z -^ B'\p{R'^) such that 

'^iji'i''') = liji^) ^-S- in fc < r < fc + 1 (fc G Z). 

We assume further that qtj G Cpor(Z; i?^p(R^)). 
(HYP)3 The functions .g(-, •, u) G AP(M.^+^) with My{g{-, •, u)) = 0, and M,(-, ■,u) G Cpcr(>" x Z) for 
aU u G M. 

Then arguing as in [36] we are led to the homogenization of (11.11) with in A3-A5 the almost 
periodicity replaced by (HYP)i-(HYP)3 above. Indeed the above assumptions lead to the almost 
periodicity of the involved functions with respect to y and r. 
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6.3. Example 3. Our concern here is the study of the homogenization of (11.11) under the fonowing 
assumptions, the indices 1 < i, j < N and 1 < I < m being arbitrarily fixed: 

(1) The function r n- aij{-, t) maps continuously R into L^^^iB.y) and is Z-periodic [Z — (0, 1)). 

(2) For each fixed r e M, the function aij{-,T) is F^-periodic, where Yr = (0,Cr)^ with Cr > 0. 

(3) g{-,-,u) e Cpcr{Y X Z) with JYg{y,T,u)dy = for all T,ueM., and Mi{-,-,u) £ Blp{R^+^) 
for all u e R. 

Hypothesis (1) and (2) imply that a,j e Cp^riZ; B\p(R^)) C B\p{R^+^), such that the homoge- 
nization of (jl.ip under the above hypotheses is solvable. 



[1 

[2 

[3; 

[4 

[5 

[6; 

[7] 

[9; 

[lo- 
in 

[12 

[13 

[14 

[15 

[16 

[17 

[18 

[19 

[20' 
[21 

[22; 

[23; 

[24' 



References 

G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 (1992) 1482-1518. 
G. Allaire, A. Piatnitski, Homogenization of nonlinear reaction-diffusion equation with a large reaction term, Ann. 
Univ. Ferrara 56 (2010) 141-161. 

G. Allaire, A. Mikelic, A. Piatnitski, Homogenization approach to the dispersion theory for reactive transport 
through porous media, SIAM J. Math. Anal. 42 (2010) 125-144. 

L. Ambrosio, H. Frid, Multiscale Young measures in almost periodic homogenization and applications. Arch. 
Ration. Mech. Anal. 192 (2009) 37-85. 

A. Bensoussan, J.L. Lions, G. Papanicolaou, Asymptotic analysis for periodic structures. North Holland, Amster- 
dam, 1978. 

A. Bensoussan, Homogenization of a class of stochastic partial differential equations, Prog. Nonlinear Differ. Equ. 
Appl. 5 (1991) 47-65. 

A. Bensoussan, Some existence results for stochastic partial differential equations. In Partial Differential Equations 
and Applications (Trento 1990), volume 268 of Pitman Res. Notes Math. Ser., pages 37—53. Longman Scientific 
and Technical, Harlow, UK, 1992. 

A. Bensoussan, Stochastic Navier-Stokes Equations, Acta Appl. Math., 38 (1995) 267-304. 
A. Bensoussan, G.L. Blankenship, Nonlinear filtering with homogenization, Stochastics 17 (1986) 67-90. 
A.S. Besicovitch, Almost periodic functions, Cambridge, Dover Publications, 1954. 

J. Blot, Oscillations presquc poriodiques forcees d'equations d'Euler-Lagrange, Bull. Soc. Math. France 122 (1994) 
285-304. 

H. Bohr, Almost periodic functions, Chelsea, New York, 1947. 
N. Bourbaki, Topologie generale. Chap. 1-4, Hermann, Paris, 1971. 

A. Bourgeat, A. Piatnitski, Approximations of effective coefficients in stochastic homogenization. Ann. Inst. H. 
Poincare Probab. Statist. 40 (2004) 153-165. 

A. Bourgeat, S.M. Kozlov, A. Mikelic, Effective equations of two-phase flow in random media. Calc. Var. Part. 
Differ. Equ. 3 (1995) 385-406. 

A. Bourgeat, A. Mikelic, S. Wright, Stochastic two-scale convergence in the mean and applications, J. Reine 
Angew. Math. 456 (1994) 19-51. 

R,. Cameron, W. Martin, The orthogonal development of nonlinear functionals in series of Fourier-Hermite func- 
tionals, Ann. Math. 48 (1947) 385-392. 

J. Casado Diaz and I. Gayte, The two-scale convergence method applied to generalized Besicovitch spaces, Proc. 
R. Soc. Lond. A 458 (2002), 2925-2946. 

C. Chou, Weakly almost periodic functions and Fourier-Stieltjes algebras of locally compact groups, Trans. Amer. 
Math. Soc. 274 (1982) 141-157. 

N. Dunford, J.T. Schwartz, Linear operators, Parts I and II, Interscience Publishers, Inc., New York, 1958, 1963. 
Y. Efcndiev, A. Pankov, Homogenization of nonlinear random parabolic operators. Adv. Differ. Equ. 10 (2005) 
1235-1260. 

Y. Efcndiev, L. Jiang, A. Pankov, Individual homogenization of nonlinear parabolic operators, Appl. Anal. 85 
(2006) 1433-1457. 

I. Gyongy, N. Krylov, Existence of strong solution of Ito's stochastic equations via approximations, Probab. Theory 
and Related Fields 105 (1996) 143-158. 

N. Ichihara, Homogenization problem for partial differential equations of Zakai type, Stochastics and Stochastics 
Rep. 76 (2004) 243-266. 



34 PAUL ANDRE RAZAFIMANDIMBY, MAMADOU SANGO, AND JEAN LOUIS WOUKENG 



[25; 

[26; 
[27; 
[28; 

[29 
[30' 
[31 
[32; 
[33; 

[34' 
[35; 

[36; 

[37; 
[38 
[39; 

[4o; 

[41 

[42; 

[43; 

[44" 
[45 

[46; 

[47] 

[48; 

[49; 
[5o; 



N. Ichihara, Homogcnization for stochastic partial differential equations derived from nonlinear filterings with 
feedback, J. Math. Soc. Japan 57 (2005) 593-603. 

V.V. Jikov, S.M. Kozlov, O.A. Oleinik, Homogcnization of differential operators and integral functionals, Springer- 
Verlag, Berlin, 1994. 

E. Kosygina, S.R.S Varadhan, Homogcnization of Hamilton-Jacobi-BcUman equations with respect to time-space 
shifts in a stationary ergodic medium, Comm. Pure Appl. Math. 61 (2008) 816-847. 
S.M. Kozlov, Averaging random structures, Soviet. Math. Dokl. 19 (1978) 950-954. 
S.M. Kozlov, Averaging of random operators. Math. U.S.S.R. Sbornik 37 (1980) 167-180. 
N.N. Krylov, B.L. Rozovskii. Stochastic evolution equations, J. Soviet Math. 14 (1981) 1233-1277. 
B.M. Levitan, Almost-Periodic Functions [in Russian], Gostekhizdat, Moscow, 1953. 

J.L. Lions, E. Magenes, Problemes aux limites non homogenes et applications, vol.1, Dunod, Paris, 1968. 
A. Mikelic, V. Devigne, C.J. van Duijn, Rigorous upscaling of the reactive flow through a pore, under dominant 
Peelet and Damkohler numbers, SIAM J. Math. Anal. 38 (2006) 1262-1287. 

G. Nguetseng, Homogcnization structures and applications I, Z. Anal. Anwen. 22 (2003) 73-107. 
G. Nguetseng, M. Sango, J.L. Woukeng, Reiterated ergodic algebras and applications, Commun. Math. Phys 300 
(2010) 835-876. 

G. Nguetseng, J.L. Woukeng, Deterministic homogcnization of parabolic monotone operators with time dependent 
coefficients. Electron. J. Differ. Equ. 2004 (2004) 1-23. 

A. Pankov, G-convergence and homogcnization of nonlinear partial differential operators, Kluwer Academic Pub- 
lishers, Dordrecht, 1997. 

E. Pardoux, Equations aux derivecs partiellcs stochastiques monotones. These de Doctorat, Univcrsitc Paris-Sud, 
1975. 

E. Pardoux, A.L. Piatnitski, Homogcnization of a nonlinear random parabolic partial differential equation. Sto- 
chastic Proc. Appl. 104 (2003) 1-27. 

D. Revuz, M. Yor, Continuous Martingales and Brownian Motion, Volume 293 of Grundlchrcn der mathematischen 
Wissenschaften, Springer- Verlag, Berlin, 1999. 

M. Sango, Asymptotic behavior of a stochastic evolution problem in a varying domain. Stochastic Anal. Appl. 20 
(2002) 1331-1358. 

M. Sango, N. Svanstedt, J.L. Woukeng, Generalized Besicovitch spaces and application to deterministic homogc- 
nization, Nonlin. Anal. TMA 74 (2011) 351-379. 

M. Sango, J.L. Woukeng, Stochastic two-scale convergence of an integral functional. Asymptotic Anal. 73 (2011) 
97-123. 

M. Sango, J.L. Woukeng, Stochastic S-convergence and applications, Arxiv: 1106.0409vl, 2011. 
J.J. Telega and W. Bielski, Stochastic homogcnization and macrsocopic modelling of composites and flow through 
porous media, Thcorct. Appl. Mech. 28-29 (2002) 337-377. 

K. Vo-Khac, Etude des fonctions quasi-stationnaircs et de Icurs applications aux equations diffcrcnticUcs 
opcrationncUes, Memoire Soc. Math. France 6 (1966) 3-175. 

W. Wang, D. Cao, J. Duan, Effective macroscopic dynamics of stochastic partial differential equations in perforated 
domains, SIAM J. Math. Anal. 38 (2007) 1508-1527. 

W. Wang, J. Duan, Homogenized dynamics of stochastic partial differential equations with dynamical boundary 
conditions, Commun. Math. Phys. 275 (2007) 163-186. 
N. Wiener, The homogeneous chaos, Amer. J. Math. 60 (1938) 897-936. 
V.V. Zhikov, On the two-scale convergence, J. Math. Sci. 120 (2004) 1328-1352. 



Department of Mathematics and Applied Mathematics, University of Pretoria, Pretoria 0002, South 
Africa (P. A. Razafimandimby) 

E-mail address: paulrazaf i@gmail.coin 

Department of Mathematics and Applied Mathematics, University of Pretoria, Pretoria 0002, South 
Africa (M. Sango) 

E-mail address: mamadou.sangoSup.ac.za 

Department of Mathematics and Computer Science, University of Dschang, P.O. Box 67, Dschang, 
Cameroon (J.L. Woukeng) 

E-mail address: jwoukengOyahoo.fr 



